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Abstract—In this paper, we consider the design and bit-error
performance analysis of linear parallel interference cancellers
(LPIC) for multicarrier (MC) direct-sequence code division multiple access (DS-CDMA) systems. We propose an LPIC scheme
where we estimate and cancel the multiple access interference
(MAI) based on the soft decision outputs on individual subcarriers,
and the interference cancelled outputs on different subcarriers
are combined to form the final decision statistic. We scale the MAI
estimate on individual subcarriers by a weight before cancellation. In order to choose these weights optimally, we derive exact
closed-form expressions for the bit-error rate (BER) at the output
of different stages of the LPIC, which we minimize to obtain the
optimum weights for the different stages. In addition, using an
alternate approach involving the characteristic function of the
decision variable, we derive BER expressions for the weighted
LPIC scheme, matched filter (MF) detector, decorrelating detector, and minimum mean square error (MMSE) detector for
the considered multicarrier DS-CDMA system. We show that the
proposed BER-optimized weighted LPIC scheme performs better
than the MF detector and the conventional LPIC scheme (where
the weights are taken to be unity), and close to the decorrelating
and MMSE detectors.
Index Terms—Linear parallel interference cancellation, multicarrier DS-CDMA, optimum weights.

I. INTRODUCTION
ECENTLY, there has been an increased interest in multiuser, multicarrier (MC) systems [e.g., multicarrier codedivision multiple access (CDMA), orthogonal frequency
division multiple acess (OFDMA)] for broadband wireless
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communications [1]. The MC approach in CDMA offers several advantages including robustness in fading and interference,
operation at lower chip rates (and, hence, lower device clock
speeds and device power consumption), and noncontiguous
bandwidth operation [2], [3]. Because of their potential to
remove multiple access interference (MAI), and hence increase CDMA system capacity, multiuser detection schemes
in general [4], and interference cancellation (IC) techniques in
particular, applied to multicarrier direct-sequence CDMA (MC
DS-CDMA), are getting increased research attention [5]–[7].
Successive and parallel interference cancellers are attractive
owing to their implementation simplicity and good performance
[4]. Parallel interference cancellation (PIC) lends itself to a
multistage implementation where the decision statistics of the
users from the previous stage are used to estimate and cancel
the MAI in the current stage, and a final decision statistic is
obtained at the last stage. In this paper, we are concerned with
the design and bit-error performance analysis of linear PICs
(LPICs) [10]–[19] for MC DS-CDMA systems. LPICs have the
advantages of implementation simplicity, analytical tractability,
and good performance.
The conventional way to realize LPIC schemes is to use
unscaled values of the soft outputs from different users for MAI
estimation. A known problem with this conventional LPIC
(CLPIC) approach is that it can perform even worse than the
matched filter (MF) detector (where cancellation is not done),
particularly at low signal-to-noise ratios (SNRs) [10]. This is
because the MAI estimates obtained using unscaled values of
soft outputs can become quite inaccurate under poor channel
conditions (e.g., low SNRs) to such an extent that it may be
better not to do cancellation. This problem can be alleviated by
properly weighing (scaling) the MAI estimates before cancellation [10], [11]. A key question in this regard is how to choose
these weights (scaling factors) for different stages of the LPIC.
For the case of single carrier CDMA, the issue of the choice of
the weights in LPIC has been addressed in [11], [17], and [18]
for additive white Gaussian noise (AWGN) channels, and in
[16] for Rayleigh fading and diversity channels.
In this paper, we propose a weighted LPIC (WLPIC) scheme
for a MC DS-CDMA system, where we scale the MAI estimate
on individual subcarriers by a weight before cancellation [19].
One way to optimally choose the weights is to derive analytical
expressions for the average signal-to-interference ratio (SIR) at
the output of the IC stages as a function of the weights, and
maximize these SIR expressions to obtain the optimum weights
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for different stages, as done in [11] and [16] for single carrier
CDMA. However, for the MC DS-CDMA scheme we consider
in this paper, obtaining closed-form expressions for the average
SIR at the output of different canceller stages is rather difficult. An alternate approach to obtain the optimum weights can
be to derive expressions for the average bit-error rate (BER) at
the output of each IC stage of the MC DS-CDMA system in
terms of the weights and choose those weights that minimize
this average BER. A new contribution in this paper, in this context, is that we are able to derive exact closed-form expressions
for the average BER for different stages of the LPIC scheme
for MC DS-CDMA, which we minimize and obtain the optimum weights for different stages. We point out that the BER
analysis does not resort to Gaussian approximation of the interference. Another new contribution is that, using an alternate
approach involving the characteristic function of the decision
variable, we derive BER expressions for the weighted LPIC
scheme, MF detector, decorrelating (DC) detector, and minimum mean square error (MMSE) detector for the considered
MC DS-CDMA system. We show that the proposed BER-optimized weighted LPIC scheme for MC DS-CDMA performs
better than the MF detector and the conventional LPIC scheme
(where the weights are taken to be unity), and close to the DC
and MMSE detectors.
The rest of the paper is organized as follows. In Section II,
we present the MC DS-CDMA system model. In Section III,
we present the proposed weighted LPIC scheme for MC
DS-CDMA, and the corresponding BER analysis to obtain optimum weights. Numerical results and discussions are presented
in Section IV. An alternate derivation of the BER expressions
is presented in Section V. Conclusions are given in Section VI.
II. SYSTEM MODEL
We consider a -user synchronous multicarrier DS-CDMA
system (an asynchronous system can be considered likewise).
denote the number of subcarriers. Let
Let
denote the binary data symbol of the th user, which is sent in
subcarriers [1]. It is assumed that the channel is
parallel on
frequency nonselective on each subcarrier and the fading is slow
(assumed constant over one bit interval) and independent from
one subcarrier to the other.
, where
denotes the
Let
transpose operator, denote the -length received signal vector
on the th subcarrier; i.e.,
is the output of the th user’s
matched filter on the th subcarrier. Assuming that the intercarrier interference is negligible, the -length received signal
can be written in the form
vector on the th subcarrier

is the correlation coefficient between the signature
where
waveforms of the th and th users on the th subcarrier.
represents the
channel matrix, given by
(3)
where the channel coefficients
,
, are
assumed to be i.i.d. complex Gaussian r.v’s (i.e., fade
amplitudes are Rayleigh distributed) with zero mean and
, where
and
are the real
. The -length data vector
is
and imaginary parts of
given by
(4)
denotes the transmit amplitude of the th user,
where
denotes the data bit of the th user. The
and
-length noise vector
is given by
(5)
where
denotes the additive noise component of the th user
on the th subcarrier, which is assumed to be complex Gaussian
with zero mean with
when
and
when

.

III. WEIGHTED LPIC SCHEME FOR MC DS-CDMA
The proposed interference cancellation on the th subcarrier
is explained as follows. From (1), the first stage output (i.e., MF
output) of the desired user on the th subcarrier is given by
(6)

where the first term is the desired signal term, and the second
term is the MAI term which we seek to estimate and cancel.
Towards that end, consider the following MAI estimate on the
th subcarrier obtained using the soft values of the MF outputs
of the interfering users on the th subcarrier

(1)
where
is the
subcarrier, given by

cross-correlation matrix on the th

..
.

..
.

..

.

..
.

(2)

(7)
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carriers of the desired user are then coherently combined to get
, as
the combined output,
(9)
The bit decision at the

th stage output is then obtained as
(10)

Fig. 1. Multicarrier DS-CDMA receiver with weighted LPIC.
stage output of the k th user on the ith subcarrier.

y

:

mth

Note that the first term
in the above estimate is the same as
the MAI term in (6). In addition, the estimate also consists of
[“desired signal” leak term in
a desired signal component
(7)], and other user and noise components . Subtracting (7)
from (6) will perfectly cancel the MAI term in (6); however, in
the process some desired signal will also be removed. Since the
amount of desired signal removed is rather small (which is pro), the benefit of MAI removal can typically
portional to
outweigh the effect of desired signal removal. However, when
term in (7) can
noise is high (i.e., low SNRs), the effect of
dominate to the extent that it may be better not to do cancellation. To alleviate this problem, we scale the MAI estimate by
a weight (before cancellation), which we optimize to achieve
minimum BER performance. Based on the above, we present
,
the proposed weighted LPIC scheme for the th stage
in the following subsection.

Note that both the conventional LPIC as well as the MF detector become special cases of the above weighted LPIC for
and
, respectively.
In [20], a larger class of polynomial detectors is shown to be
described by an equation like (8).
For the weighted LPIC scheme in (8), the choice of the
can be made based on maximizing the average
weights
SIR at the combined output or minimizing the average BER
of each stage. For the MC DS-CDMA system considered in
the above, obtaining closed-form expressions for the average
SIR at the output of different canceller stages is rather difficult.
However, we could derive exact closed-form expressions for
the average BER of the system which when minimized can
give optimum weights. We present the derivation of the BER
expressions for the second and third stages of the weighted
LPIC in the following subsection.
B. Derivation of BER Expressions
1) Second Stage Output Statistics and BER: From (9) and
(8), the weighted interference cancelled and multicarrier combined output of the second stage (i.e.,
) for the desired
user can be written as

A. Interference Cancellation on th Subcarrier in StageThe MC DS-CDMA receiver with weighted LPIC is shown
in Fig. 1. For a desired user , an estimate of the MAI from
, on a given subcarrier , for
other interfering users ,
, is obtained from the
cancellation in a given stage ,
soft outputs of the interfering users’ previous stage outputs,
. This MAI estimate is then scaled by a weighting
factor,
, before cancellation. Accordingly, the th stage
interference cancelled output on the th subcarrier for the desired user ,
, is given by

(11)
where

(12)
(8)
(13)
where we take the MF output as the first stage output, i.e.,
, and the second term on the RHS is the weighted
MAI estimate. The interference cancelled outputs on all sub-

The second step in (11) results by using (6) and (7) in the first
step. The terms and
in (11) represent the interference and
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noise terms introduced in the second stage output due to imperfect cancellation in using the soft output values from the first
(i.e., MF) stage. Conditioned on the desired user’s channel coefare independent Gaussian
ficients, it can be seen that and
r.v’s, each with mean zero. The conditional variances of and
are denoted by
and
, respectively, which can be dein (13) is a Gaussian r.v. with zero
rived as follows. Since
mean,
is given by
(14)

where

, and

where

(18)
Now, the bit-error analysis of the decision rule in (10) can be
carried out by conditioning with respect to the transmitted bits
and the channel coefficients. The transmitted bits from other
users can be dropped since they do not affect the distribution
of the decision variable. Accordingly, the probability of error
conditioned on the channel fade coefficients of the desired user
at the second stage output is given by
(19)
The above equation simplifies to
(20)
, and

where

is of the form
(21)

where, from the first term in (11) it can be seen that
(22)
and that
(since

’s are exponential r.v’s with mean
)

, given by

(15)
(23)
where we have used
for
. To derive
ranged in the form

, note that

, for
and
in (12) can be rear-

and

’s are given by
(24)

It is noted that the derivation of (17) and (18) leading to (20) is
made possible due to the fading being complex Gaussian, and it
is much more computationally complex to determine (17) and
(18) leading to (20) for the case of no fading.
’s the average bit-error
Now, unconditioning (20) over
probability for user at the second stage output is
(25)
(16)

which can be derived by using the relation [4]

Since
’s are independent complex Gaussian with zero mean,
’s do not affect the statistics of ,
is given by

(26)

(17)

is the cummulative density function (cdf) of
where
defined in (21). Hence, we need the cdf of in order to derive
. Accordingly, we derived the cdf of
an expression for
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and the derivation is given in Appendix A. Substituting the cdf
expression (67) into (26) and carrying out the integration, we
, in closed-form, as (the derivation is
get the expression for
given in Appendix B)

where
,
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, and

, and the other parameters
are defined as

,

(30)
if
if

(27)

where

(32)
(33)

is given by

(28)

if

(31)

(29)

2) Third Stage Output Statistics and BER: Following similar
steps carried out for deriving the second stage output statistics
, and
and
and BER in the above, the mean
corresponding to the the third stage outputs are obtained as (34)(36), as shown at the bottom of the page.
Using (34)-(36) the BER at the third stage output can be
derived similar to the second stage BER derivation given be,
, and
fore. In a similar way, the expressions for
, and hence the BER expressions, for stages beyond the
) can be obtained. However, we have
third stage (i.e.,
restricted our derivation only up to the third stage as most can, and adding
cellation benefit is found to be realized with
more stages typically results in marginal improvement in performance with added complexity.
3) Optimum Weights for second and third Stages: As can be
seen, (27) gives the average BER as a function of the weights
used in the cancellation. The optimum weights for the second
and third stages can be obtained by numerically minimizing

(34)

(35)

(36)
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Fig. 2. BER at the second and third stage outputs as a function of the weights
in the weighted LPIC scheme. M = 2, K = 10, N = 128, average SNR =
14 dB. Near-far effect: A =A = A =A = A =A = 10. Random spreading
sequences are assumed.

their corresponding average BER expressions. The complexity
,
,
, and
, respectively,
of computing , ,
, ,
,
,
, and
. With these, the
are of order
overall complexity in evaluating (27) is of the order of
.
For a given stage, instead of obtaining different weights for different subcarriers and for different users which requires considerable complexity in the numerical optimization, we can consider the simplified case of using the same weight for all other
interfering users to a desired user and for all subcarriers (i.e.,
), the optimization of which requires less
complexity. As we will see in the next section, even this simplified scheme which uses the optimized weights
(we will
refer to this simplified scheme as WLPIC-I scheme) gives good
performance. Also, since the optimum weights are computed
using the average BER expression, the weights computation can
be carried out off-line once (or whenever users exit from or enter
into the system which changes the correlation matrix), and this
need not add to the per bit detection complexity of the canceller.
Like in other PICs, the per bit complexity per stage here also is
.
polynomial in number of users, i.e.,
In Fig. 2, we illustrate the variation of the average BER performance at the second and third stage outputs as a function
of the weights,
,
2, 3, for the simplified scheme for
,
,
dB, and
users. User 1
is taken to be the desired user. A scenario with near-far effect is
considered, where
and
. From Fig. 2, it
can be observed that
is about 0.9 for
and about
. It is pointed out that since the MAI estimate
1.15 for
is imperfect, the optimum weights that minimize the average
BER can be greater than one, which is explained in detail in
[16] for a single carrier CDMA system. Also, from Fig. 2, it can
be observed that the minimum achievable BER (corresponding
to the optimum weights) is better than that of the conventional
) and the MF detector (for which
LPIC (for which
).
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Fig. 3. BER vs average SNR performance at the second stage output of the
weighted LPIC schemes-I,II,III. M = 2, K = 5, N = 128. Near-far effect.
Random spreading sequences are assumed.

IV. RESULTS AND DISCUSSIONS
In this section, we present numerical results of the BER performance of the proposed weighted LPIC for MC DS-CDMA.
We computed the analytical BER performance for the second
and third stages of the weighted LPIC for different number of
subcarriers, , and number of users . We used random binary sequences of length as the spreading sequences on each
subcarrier. In all the performance plots,
is taken to be 256
(i.e., the number of chips per bit on each subcarrier is chosen
such that the total system bandwidth is fixed regardless of the
number of subcarriers used). We take the number of subcarriers
to be 1, 2, and 4. We also keep the total transmit power the
same irrespective of the number of subcarriers used. BER performance is computed in near-far scenarios where some users
transmit with higher powers than the desired user. We take user
1 as the desired user.
In Fig. 3, we present the BER performance of the desired user at the second stage output of the weighted LPIC
), for
schemes as a function of average SNR (given by
,
, and
users. A near-far scenario with
,
,
, and
.
We show three plots for the weighted LPIC schemes, viz:
1) WLPIC-I, which corresponds to optimizing the same weight
and for all
for all interfering users to the desired user
subcarriers (i.e.,
); 2) WLPIC-II, which corresponds to
optimizing the same weight for all interfering users to the desired user but different weights for different subcarriers, (i.e.,
); and 3) WLPIC-III, which corresponds to optimizing
different weights for different interfering users to the desired
user but same weights for all subcarriers (i.e.,
). For
the purpose of comparison, we also plot the BER performance
of other detectors including the MF detector, conventional
LPIC and decorrelating detector.1 It can be noted that in terms
of optimization complexity WLPIC-III is most complex and
1Exact analytical BER expressions for the MF, decorrelating and MMSE detectors for the considered MC DS-CDMA system are derived in Section V.
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Fig. 4. BER vs average SNR performance at the second and third stage outputs of the weighted LPIC-I scheme. K = 16, M = 2, N = 128. Near-far
effect: A =A = A =A = A =A = 10. Random spreading sequences are
assumed.

WLPIC-I is least complex, and in terms of BER performance
WLPIC-III is expected to perform best. As expected, from
Fig. 3, it can be observed that the WLPIC-III scheme performs
better than the WLPIC-II and WLPIC-I schemes, and the
performance of the WLPIC-I and WLPIC-II schemes are very
close, which can be expected since the subcarriers correspond
to independent channels. Even the WLPIC-I scheme, which has
the least optimization complexity among all, clearly performs
better than the MF detector as well as the conventional LPIC.
This is expected since in MF detector there is no cancellation,
whereas, in conventional LPIC there is cancellation but the
weights are not optimum.
In Fig. 4, we plot the BER performance of the WLPIC-I
,
scheme at the second and third stage outputs for
, and
users. A near-far scenario is considered where
, and users other than users
2, 4, and 5 transmit with same amplitude as the desired user 1.
It can be seen that the performance at the third stage output of
the WLPIC-I scheme is quite close to those of the decorrelating
and MMSE detectors. We have also evaluated the BER performance through simulations and compared with the analytical
results. The analytical and simulation results matched as there
are no approximations involved in the analysis.
Fig. 5 shows the performance comparison as a func,
,
tion of number of users, , for
dB with near-far effect such that
average
, and users other than
users 2, 4, and 5 transmit with the same amplitude as the
desired user 1. Again, the WLPIC-I scheme clearly performs
better than the MF detector as well as the conventional LPIC
and quite close to the decorrelating and MMSE detectors.
Fig. 6 shows the performance of the second stage of the
1, 2, 4 for
WLPIC-I for different number of subcarriers,
, average
dB with near-far effect such
. The performance of
that
is better than
and
because of frequency
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Fig. 5. BER vs number of users, K , performance of the second and third stage
outputs of the weighted LPIC-I scheme. M = 2, N = 128, average SNR =
14 dB. Near-far effect: A =A = A =A = A =A = 10. Random spreading
sequences are assumed.

Fig. 6. BER vs number of users, K , performance at the second stage output of
the weighted LPIC-I scheme for different number of subcarriers, M = 1, 2, 4,
N M = 256, average SNR = 10 dB. Near-far effect: A =A = A =A =
A =A = 10. Random spreading sequences are assumed.

diversity effect. For a given
, increasing to large values
results in a cross-over in BER performance in favour of smaller
(e.g.,
performing worse than
for
in Fig. 6), which occurs due to the frequency diversity benefit
being overridden by effects of large uncancelled MAI.
A. Cancellation at the Multicarrier Combined Output
In the cancellers proposed and analyzed in the above, we
have performed cancellation on each subcarrier first, followed
by multicarrier combining. An alternate approach can be to perform multicarrier combining first and cancellation next. The
second stage of such a canceller, which we refer to as LPIC after
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D

Fig. 7. Comparison of the performance of the LPICs before and after multicarrier combining. K = 10, M = 4, N = 64, no near-far effect: A = A =
111 = A
. Random spreading sequences are assumed.

MC Combining, can be realized as follows. Multicarrier com’s results in the combined output
bining of the MF outputs
as

TABLE I
MATRIX OF SIZE 2K 2 2K FOR THE SECOND STAGE OF THE WLPIC

combining has the benefit of tractable analysis (that results in
closed-form expression for the BER) and weights optimization.
V. ALTERNATE DERIVATION OF BER EXPRESSIONS
In this section, we derive exact BER expressions at the outputs of the different stages of the proposed weighted LPIC (before multicarrier combining) for MC DS-CDMA, using an alternate approach involving the characteristic function of the decision variable. This approach is different from the one presented
in Section III-B. But the expressions derived using both the approaches produce the same results. Using the same approach,
we also derive exact BER expressions for MF and decorrelating
detectors for the considered MC DS-CDMA system.
Considering user 1 as the desired user, the bit decision for the
desired user at the th stage output is given by

(37)
LPIC on the above multicarrier combined output (to cancel the
second term in the above equation) can be performed as

(39)
where
is given by (9). We note that the real part of
can be written in the form [21]
(40)
is a
where
Gaussian r.v’s

vector consisting of the complex
’s, given by

’s and

(38)
where
is the interference cancelled output. Since
the analytical derivation of the BER expression for this LPIC
after MC combining is rather difficult, we evaluated its performance through simulations and compared with the performance of the LPIC before MC combining. Fig. 7 shows the BER
performance of the LPICs before and after MC combining for
,
,
, and no near-far effect. The performance of the decorrelating and MMSE detectors before combining are also plotted for comparison. From Fig. 7, it can be
seen that the LPIC after MC combining performs better than
the LPIC before combining and quite close to the decorrelating
and MMSE detectors before combining. This can be expected
because MC combining before cancellation can enhance the reliability of the MAI estimate. However, the LPIC before MC

(41)
and

is a

block-diagonal matrix, given by

..
.

..
.

..

.

..
.

(42)

where
is a
‘coefficient matrix’ corresponding
to the th subcarrier, which consists of the coefficients of the
quadratic equation in complex Gaussian variables in (40) (i.e.,
’s, and
’s). It is noted
coefficients involving ’s, ’s,
’s will be different for different stages of the weighted
that
matrix for the second (i.e.,
)
LPIC. Accordingly, the
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TABLE II

K 2 2K FOR THE THIRD STAGE OF THE WLPIC

MATRIX OF SIZE 2

and third (i.e.,
) stages of the weighted LPIC can be
written as shown in Tables I and II, respectively. The correlation
matrix of is given by

distinct eigenvalues be . Let the multiplicity of eigenvalue
be . Splitting the product term into partial fractions, we get
(47)

..
.

where the

matrix of size

..
.

..

.

..
.

(43)
Using [22, Eqn. 3.382
that

1 118(3) and 118(4)], it can be shown

is given by
(48)
(44)
For the case of distinct eigenvalues,
can be calculated as

The characteristic function of (40) can be obtained as [21]

’s in the above equation

(45)
where ’s are the eigenvalues of the matrix
and is the
. As before, the bit-error analysis
number of eigenvalues of
of the decision rule in (39) can be carried out by conditioning
with respect to the transmitted bits (in matrix ) and the channel
coefficients (in vector ). Also, the binary coefficients corresponding to the transmitted bits in the above can be dropped
since they do not affect the distribution of the decision variable.
Hence, from (45), we get the average bit-error probability as
(46)
Ignoring the positions where
since the product term is
unaltered, the above integral can be evaluated by splitting the
product term in (46) into partial fractions. Let the number of

(49)

We point out that computing the BER in (48) requires the com. Also, though deputation of the eigenvalues of the matrix
rived using different analytical approaches, the expressions in
both (48) as well as (27) give the same BER values. We further
note that (48) can also be used for optimizing the weights.
A. BER Expressions for MF, DC, and MMSE Detectors
Next, in addition to deriving the exact BER expression for
the weighted LPIC in the above, we are able to obtain exact
BER expressions for the MF detector, decorrelating (DC) detector, and MMSE detector for MC DS-CDMA, again using
formulation, which we present in the
the
following.
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In the case of MF detector (i.e.,
given by

), the bit decision is

Accordingly, the
written as

matrix for the MMSE detector can be
for

(50)

for
Accordingly, for the MF detector, the coefficient matrix corre, in (42) is given by
sponding to the th subcarrier,

for
for

..

for
otherwise

.

(58)
where

..
.

..

.
VI. CONCLUSION

.
(51)

In the case of decorrelating detector, the decorrelation operation
is given by

(52)
and the bit estimate for the desired user 1 is given by
(53)
The
matrix for the decorrelating detector can then be
written as

We presented the design and BER analysis of a weighted
LPIC scheme for MC DS-CDMA systems. In the proposed
scheme, partial multiuser interference is cancelled at each
stage, which is controlled by a weight that is optimized based
on minimizing the BER per stage. The BER at each stage
is computed based on an exact closed-form formula, which
has relatively low complexity. In addition, using an alternate
approach involving the characteristic function of the decision
variable, we derived another exact expression for the BER at
the second and third stages of the weighted LPIC for the MC
DS-CDMA system. Using the same approach, we derived exact
BER expressions for the MF, decorrelating and MMSE detectors for the considered MC DS-CDMA system. We showed
that the proposed BER-optimized wighted LPIC scheme performs significantly better than the MF detector and close to the
decorrelating and MMSE detectors.
APPENDIX A

for

In this Appendix, we derive the cdf of the random variable

for
for
otherwise.
(54)
In the case of MMSE detector, the output vector is given by

(55)

given in (21).
Let us define
, and
, where
, and
are indehas
pendent exponential random variables. We assume that
mean
. To obtain the cdf,
, of
, we first
, of
and . Toward this
derive the joint pdf,
end, we derive the joint Laplace transform
whose inversion gives us the joint pdf,
. The derivation is as follows.
Since ’s are independent and exponential with mean ’s

where
(56)

(59)

, and the bit estimate for the de-

. Consider the case when all
where
’s are distinct. Referring to (59), let us define

sired user 1 is given by
(57)

(60)
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and expand the expression in the second
fractions, we obtain

of (59) using partial

where
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is given by (33) and
(68)

(61)
where

and

(69)

(62)
and
and
Using ,
can simplify (61) as

defined in (30)–(32), respectively, we

(69)

(63)
Upon inverting (63) w.r.t

, we obtain

(64)
Using the fact that
, and the following result on an inverse Laplace transform [22]

(65)
,
,
, where
for
function, we can obtain the joint pdf of
of (64) w.r.t , as

is the Dirac-delta
, after an inversion

(70)
,
[22] and
where
standard error function defined for the real-valued .
APPENDIX B
By substituting the cdf of
in (67) into (26), we can
derive the expression for
as follows. Substituting (67)
into (26), we see that we need to evaluate the following inand
tegrals:
. First, using the
relation [22]
for

(66)
Having (66) at hand, we can derive the cdf of

is the

(71)

we get

as

(72)
for evaluating the
where we have used the substitution
for evaluating
first term in the integral and
the second term. Next, consider the first term in (69). Noting that
(67)

(73)
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and again using (71), we have

where

. Combining (78), (77), (74),

and (72), we get the closed-form expression for
in (27).

given
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Finally, consider the second term in (69). Consider the two cases
and
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when
is given by
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where, to get (77), we have used the substitutions
and
in (76),
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For the case of
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